In this paper, we find lower bounds for the maximum and minimum numbers of cliques in maximal sets of pairwise disjoint cliques in a graph . By complementation, these yield lower bounds for the maximum and minimum numbers of independent sets in maximal sets of pairwise disjoint maximal independent sets of vertices in a graph . In the latter context, we show by examples that one of our bounds is best possible .
We use notation and terminology of [1] . Throughout this paper, G is a simple finite graph, and n refers to the number of vertices of G.~S1 is the number of elements in the set S . A set S with property P is maximal (with respect to P) if no set S' exists with S properly contained in S' such that S' has property P. A set S with property P is maximum (with respect to P) if no set S' exists with ISI < IS'l such that S' has property P . If S is a vertex or a set of vertices, N(S) is the set of neighbors of S in G. C. Berge (unpublished ; see [1, 2] ) and independently C. Payan [3] conjectured that any regular graph has two disjoint maximal independent sets of vertices . While this conjecture has now been shown to be false [4, 6] , for graphs which are regular of degree n -k, Cockayne and Hedetniemi [2] did verify the conjecture for 1 _-k s 7 and C . Payan [5] for k < 10 . In this paper we show it is true for k<-2+2 2n.
Let B(G) be the maximum cardinality of a set of pairwise disjoint maximal independent sets of vertices in G. Cockayne and Hedetniemi first introduced a notation for B(G) in [2] . Let B`(G) be the maximum cardinality of a set of pairwise disjoint maximal cliques in G . Let b(G) be the smallest cardinality of a maximal set of pairwise disjoint maximal independent sets of vertices in G, and let bc(G) be the smallest cardinality of a maximal set of pairwise disjoint maximal 0012-365X/8210000-00001$02 .75 © 1982 North-Holland cliques in G. Clearly B(G)>-b(G), b(G)=b`(G'), and B(G)=B°(G`) . Although, in the tradition of Cockayne and Hedetniemi [2] , we are primarily interested in b(G) and B(G), our proofs are more easily described for V(G) and B`(G) .
On three occassions in the following proof, we will use the inequality (ci -Z(k + g)) 2 , 0, for integers g and ci, in the form c, (k+g-ci)--4(k+g)2 .
(A) Theorem 1. If G is a graph with n vertices and maximum degree k, then
Further, if G is regular of degree k, then
Proof. Set V(G) = b. Let C={C1, C2, . . . , Cb} be a smallest maximal set of pairwise disjoint maximal cliques in G. Set ci = I CiI for each i, Z = Ub=1 Ci , and Y=V(G)-Z. If any vertex y of Y were joined to no members of Z, then any clique containing y would be disjoint from Z, which is impossible . Also, since each vertex of Q is adjacent to at most k -ci
Thus Y_b=1 ci (k+2 -ci)>n, or by (A)
Now suppose y e Y has exactly one neighbor in Z . Let that neighbor be x and suppose x E Q . If v E N(y) fl Y, then a maximal clique in G containing the edge vy must meet Z, and the only possible such meeting is in the vertex x, so xv is in E(G) . Since x has a neighbor in G not in Z, ci > 2 . Hence
Therefore, if G is regular, every vertex of Y is adjacent to at least two vertices of Z. Proceeding as before,
Corollary. If G has minimum degree n -k and n vertices, then
Further, if G is regular of degree n -k, then
We shall now prove the first inequality in both the theorem and its corollary are best possible . This will be done by showing that for every b and for every even positive integer k, there exist graphs G of n vertices and maximum degree k, with a maximal set of cardinality b`(G) of pairwise disjoint maximal cliques such that
Letting t=2(k+2), we form a graph G' from one copy of K, and t disjoint copies is the desired graph G .
The corollary to Theorem 1 has the following consequence relative to the work reported in the third paragraph of this paper .
Corollary . Let G be a graph with n vertices and minimum degree n -k. If k <-1 +2 f, then G includes two disjoint maximal independent sets of vertices . Further, if G is regular of degree n-k and if k<-2+2 , then G includes two disjoint maximal independent sets of vertices . Corollary. If G is a graph with n vertices and minimum degree n -k, then B(G) ;6n/(k+2)2 .
Corollary. Every graph with n vertices and minimum degree greater than n -+ 2 has two disjoint maximal independent sets of vertices .
Probably the result in the foregoing corollary is not best possible in the sense of having the correct power of n subtracted from n ; the highest minimum degree we have yet found in a graph with no two maximal independent sets disjoint is Furthermore, the minimum degree 8 is the degree of an element of Z, so S = Zp 3 . 
